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ABSTRACT 

An analytical treatment based on the hydrodynamic model of plasmas is developed to study parametric 

amplification and oscillation of optical phonon modes in weakly polar narrow direct gap magnetized 

semiconductors. Second-order optical susceptibility arising due to nonlinear polarization and the basic 

operational characteristics of the parametric device, viz., threshold nature, power gain mechanisms and 

conversion efficiency, are obtained. The effects of doping, magnetic field and excitation intensity, on the 

above operational characteristics have been studied in detail. Numerical estimates are made for an n-

InSb crystal at 5 K duly irradiated by a pulsed 10.6 µm CO2 laser. The nature of the variation of the 

power gain with respect to the pump intensity and that of the threshold condition for parametric 

oscillation with respect to signal reflectance and sample length are found to be in good qualitative 

agreement with the experimental observations in electro-optic materials such as Ba2NaNb5O15 and 

LiNbO3. The analysis suggests the possibility of observing super-fluorescent parametric emission and 

oscillation in moderately doped n-InSb crystal under off-resonant nanosecond pulsed not-too-high 

power laser irradiation, the crystal being immersed in a large magnetic field. 

 
1.  Introduction 

Understanding and controlling the interaction between 

light and matter are of fundamental importance to a wide range 

of applications in science and technology. More than a century 

ago, puzzles over blackbody radiation and atomic line spectra 

led to the birth of quantum mechanics and there have been 

innumerable developments since, not least the laser. Since the 

invention of the laser, a major area of optoelectronics has been 

devoted to the development of optical devices capable of 

providing tunable coherent radiation through the 

electromagnetic spectrum. Laser light can be used to control 

matter as in optical tweezers to manipulate cells [1]. Surface 

plasmon polaritons are also being developed as bio-molecule 

sensors [2]. On the other hand, optical bistable studies explore 

possible ways to control light with light [3]. 

Parametric amplification and oscillation in the radio 

frequency and microwave range [4] were demonstrated before 

the laser was invented. The same process was expected in the 

optical region and was actually demonstrated in 1965 by 

Giordmaine and Miller [5]. It has since become an important 

effect because it allows the construction of widely tunable 

coherent infrared sources through the controllable 

decomposition of the pump frequency. Optical parametric 

amplifiers and oscillators (OPA/OPO) provide a convenient 

method of generating tunable radiation over broad spectral 

ranges and one of their very useful characteristics is the low 

noise level. Further backward OPO was proposed in 1966 by 

Harris [6], which sparked many efforts to implement it through 

backward parametric fluorescence [7] and backward difference 

frequency generation [8]. 

In optical parametric amplification, a weak signal is made 

to interact with a strong, higher frequency pump and both the 

generated difference frequency (known as the idler) and the 

original signal are amplified. If the idler and the amplified 

signal are passed through the mixing crystal again, with the 

proper phase, both are again amplified. In addition, if either 

one is passed through the crystal again with the proper phase; 

the result is still a gain in both. Thus, the amplifier can be 

made into an oscillator by adding the proper feedback (i.e. a 

resonator) to both the signal and the idler, or by resonating 

only one. If the gain per path is larger than the loss per path, 

the signal can build up out of the noise, and the system will 

oscillate. It is well known that by resonating only the signal or 

idler in an optical parametric oscillator, both output power 

stability and the tuning range are improved [9]. Recently major 

enhancements in the overall performance of continuous wave 

single resonant parametric oscillator (SRPO) through finite 

output coupling of the resonant wave [10] and gain width and 

rise time studies of pulsed unstable OPOs [11] have been 

reported. Various effective methods of generating eye safe 

radiations [12] and light in the yellow [13] and blue [14] 

spectral region based on OPO characteristics are also being 

developed. The developments in the field of parametric 

amplifiers and oscillators and their usage are restricted to a 

large extent due to the inherent material limitations, viz., low 

optical damage threshold, inadequate birefringence and optical 

transparency range. 

The advent of new nonlinear materials with high-optical-

damage threshold, wide optical transparency range and laser 
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pump sources of improved spectral and spatial coherence has 

created new vistas for generating widely tunable optical 

coherent radiation using OPA/OPO. Amongst the various 

nonlinear materials, the semiconductor crystals (especially III-

V semiconductors) are substantially transparent for photon 

energies much less than the band-gap energies [15] and 

undergo optical damage at considerably large excitation 

intensities [16]. In addition, semiconductors have added 

advantages over other materials in terms of compactness, 

control over the material relaxation times, observed large 

nonlinearities in optical properties under near resonant laser 

irradiation and sophisticated fabrication technology [17]. 

Furthermore, a variety of interesting nonlinear optical 

processes have been observed due to the excess free 

concentration in doped semiconductors [18]. 

In the recent past, parametric amplification and oscillation 

over an infrared spectral regime have been studied theoretically 

as well as experimentally in urea, liquid crystals, KTP, 

MgO:LiNbO3 and SrTiO3 etc [19-22]. Dubey and Ghosh [23] 

studied parametric oscillation of polaron modes in magnetized 

semiconductor plasmas. To the author’s knowledge, so far, no 

systematic study has yet been made to critically examine the 

possibility of developing OPA/OPO using weakly polar narrow 

direct-gap magnetized semiconductors like GaAs, GaSb, InAs, 

InSb etc. with optical phonons acting as the idler wave. Such 

crystal classes are usually partially ionic and, therefore, the 

piezoelectric scattering is often overshadowed by optical 

phonon scattering mechanisms [24]. The study of the 

propagation characteristics of coherent optical phonon wave is 

of substantial importance in the investigation of the 

fundamental properties of solids. The study of longitudinal 

optical phonon-laser interactions in semiconductors has been 

one of the most active fields of research due to its vast 

potentiality in spectroscopy and high speed optoelectronic 

devices. 

Keeping in view the possible impact of parametric 

interactions involving an optical phonon mode, we present here 

an analytical study of OPA/OPO using the n-type doped III-V 

crystals immersed in a large static magnetic field following the 

hydrodynamic model for the semiconductor-plasma. The only 

nonlinearity that is taken into account in the present analysis 

has its origin in the nonlinear coupling between the generated 

density perturbations at both signal and idler frequencies and 

the pump electric field.  

 

2.  Theoretical formulations 

The theory of nonlinear interaction has been discussed by 

many authors both from classical and quantum mechanical 

view points. If there are many photons in the radiation field it 

can be properly described by classical waves. In the treatment 

of coupled wave problems, the classical description is even 

more appropriate since then the decay or amplification of the 

waves depends on the relative phases among them, whereas in 

the quantum mechanical description, if the number of quanta is 

prescribed, the phases will be undetermined as required by 

uncertainty principle. Thus, here, we consider the 

hydrodynamic model of homogeneous semiconductor-plasma. 

It restricts our analysis to be valid in the limit 1kl≪  (k is the 

wave number and l is the carrier mean free path).  

In order to study OPA and OPO due to excitation of 

optical phonon mode in magnetized semiconductor plasmas, 

we consider the crystal sample to be irradiated by a pump wave 

( 0 0, kω
�

) under thermal equilibrium conditions. The static 

magnetic field sB
�

 is taken to be parallel to the z-axis, normal 

to the propagation vectors  0k
�

, 
sk−
�

 and 
opk
�

 (all parallel to the 

x-axis) of three interacting waves, viz, pump ( 0 0, kω
�

), signal (

,s skω −
�

) and idler (optical phonons ,op opkω
�

), respectively. The 

momentum and energy exchange between these waves can be 

described by phase-matching conditions: 
0 s opk k k= − +
� � �
ℏ ℏ ℏ  

and 
0 s opω = ω + ωℏ ℏ ℏ  which yield 

0s opω = ω − ω  and 

2op sk k k= =
� � �

 (since 0 sk k≅
� �

). The present analysis is based 

upon the coupled mode approach. The backward Stoke’s mode 

( ,s skω −
�

) originates from the coupling of the pump wave with 

density perturbations at an optical phonon frequency 
opω  in 

the crystal. The coupling of the pump and the Stoke’s wave 

generates a strong electrostatic field (space-charge field) 

oscillating at frequency 
opω . This generated optical phonon 

field possesses both transverse and longitudinal components. In 

the weakly polar semiconductors (viz., GaAs, InSb), the 

longitudinal optical (LO) phonons are accompanied by a 

longitudinal electric field while transverse optical (TO) 

phonons are associated with the transverse electrostatic field. 

The intensities of LO and TO phonons scattering become 

unrelated for finite k
�

 because they are determined by two 

independent parameters, viz., the electro-optical effect and the 

deformation potential Raman tensor, respectively [25]. It is 

well known that the polarization associated with the 

longitudinal vibration is much larger than the transverse 

component in III-V crystals like InSb, GaAs, etc. with zinc-

blend structures [26]. Consequently, we neglect the transverse 

electric field and treat 
opω  as the longitudinal optical phonon 

frequency. 

The passive medium is taken as a diatomic crystal with the 

two atoms in the molecule vibrating in opposite directions. 

This diatomic molecule is characterized by its position and 

normal vibration coordinates ( , )u x t± . In the presence of 

electromagnetic radiation, the equation of motion for a single 

oscillator under one dimensional (1-d) configuration can be 

given as [27] 

 2
2

2

( , ) ( , )
( , ) 2 s

opo op op

qs x t s x t
s x t E

t Mt

∂ ∂
+ ω + Γ =

∂∂
               (1a) 

 

where ( )s u u+ −= +  is the relative displacements of 

positive and negative ions, respectively. In Eq. (1a), 
opoω  is 

the optical phonon frequency at 0opk =
�

. 
opΓ  takes into 

account the phonon decay and is introduced 

phenomenologically as a constant parameter. The value of  
opΓ  

is taken to be 210 opo

− ω  [28, 29]. sq  is the Szigeti effective 

charge and defined as [30] 

 
1/ 2

0

1 1
s opo

s

M
q

N ∞

  
= ω ε −  

ε ε   
,                                     (1b) 

 

where, M  and 3( )lN a=  are the reduced mass of the 

diatomic molecule and number of unit cell per unit volume, 

respectively; la  is the lattice constant of the crystal. 0ε  is the 

permittivity of free space, while sε  and ∞ε  are static and high 
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frequency dielectric constant of the crystal, respectively. 
opE  

is the macroscopic internal electrostatic field oscillating at the 

optical phonon frequency 
opω . It is convenient to write the 

relative displacement in terms of new parameter w defined as 

[31]: 
1/ 2( )w NM s= . Accordingly, equation (1a) can be 

expressed as:  

 1/ 22
2

2

( , ) ( , )
( , ) 2opo op s op

w x t w x t q
w x t q E

t Mt

∂ ∂  
+ ω + Γ =  

∂∂  
.                                                           

                                                                                        (1c) 

 

The two ions have opposite charges; therefore there will 

be a net oscillation dipole moment in the crystal and, hence, 

induces a polarization (
sP q w= ). The induced longitudinal 

phonon electrostatic field (
opE ), arising due to the induced 

polarization can be calculated by using Poission’s equation. 

Consequently 
opE  can be expressed in terms of the 

polarization as: 

 
op op s

E n e Nq w

x x

∂ ∂ 
= − −  

∂ ε ε ∂ 
                                              (2)  

 

where 0 ∞ε = ε ε ; 
opn  is the carrier density perturbation 

oscillating at the optical phonon frequency and e−  is 

electronic charge. At the entrance window 0x = , the density 

perturbation 
opn  may be taken to be small enough such that 

( / )opn e E  can be neglected in equation in Eq. (2) and we 

obtain 

 
s

op

Nq w
E

k x

∂ 
=  

ε ∂ 
                                                            (3) 

 

where we have taken opk k=
�

 (say). 
opE  can be estimated 

approximately in the weakly polar III-V semiconductor 

crystals from the knowledge of strain ( / )w x∂ ∂ . Assuming 
6( / ) 10w x∂ ∂ =  [32, 33], we get 5 1(0) 2.15 10 VmopE −= ×  in n-

InSb crystal with 
292.7 10 kgM = × , 

3 27 3( ) 3.7 10 mlN a
−= = × , 

6 11.86 10 mk −= × , 17.54sε = , 15.68∞ε = , and 
201.2 10 Csq

−= ×  (obtained by using Eq. 1(b)) . 

The other basic equations governing the three-wave 

interactions are: 

 
1 1 1

0 0 0
v n n

n v
x x t

∂ ∂ ∂
+ + =

∂ ∂ ∂
                                                  (4) 

 
0

0 0 0( )s

v e
v E v B

t m

∂
+ ν = − + ×

∂

�
� �� �

                                         (5) 

 
1

1 1 0 1 1( . ) ( )s

v e
v v v E v B

t m

∂
+ ν + ∇ = − + ×

∂

�
� � �� � � �

                          (6) 

 

Eq. (4) represents the continuity equation with 0n  being 

the dc electron concentration. Eqs. (5) and (6) are the zeroth 

and first order electron momentum transfer equations, 0v
�

 and 

1v
�

 being the zeroth and first order oscillatory electron 

velocities, respectively. Also ν  and m are the electron-electron 

collision frequency and electron effective mass respectively. 

In order to obtain the coupled mode equation for the 

optical phonon flux, we consider the density perturbations 
opn  

and sn  have phase factors like exp[ ( )]op opi k x t− ω  and 

exp[ ( )]s si k x t− − ω , respectively. These density perturbations 

can be obtained by using Eq. (4) as follows: 

 
0 0( )op s op

op

k
n n v n v= +

ω
                                                 (7a) 

 

and 

 *

0 0( )s op s

s

k
n n v n v= +

ω
.                                                   (7b) 

 

Here, 
2 2

( / )( )

( )

op

op op

c op

e m i
v E

i

− ν − ω
=

ω + ν − ω
  

 

and 
2 2

( / )( )

( )

s

s s

c s

e m i
v E

i

− ν − ω
=

ω + ν − ω
,  

 

with 
1 op sn n n= +  and 

1 op sv v v= +  and [ / ) ]c se m Bω = −  is 

the cyclotron frequency. Substitution of values of u and 
opn  

from Eqs. (1a) and (7a), in Eq. (2) and simple mathematical 

simplification yield 

 2

0 02
1 ( )

ops

s op

oppp

ENq ek
n v n v

xM

  ∂
+ = + 

  ∂ εωε ω 
,                        (8) 

 

where 2 2 1/ 2( 2 )pp opo op op opiω = ω − ω − Γ ω . 

 

It is evident from Eq. (8) that the coupling of the perturbed 

electron density and oscillatory electron fluid velocity act as a 

disturbed source that can feed energy to the induced optical 

phonon field (
opE ) leading to the amplification of this field 

with a large gain coefficient. Eq. (8) can also be expressed in 

terms of the coupled electric fields. Using Eqs. (3-5) and  (8), 

the induced longitudinal optical phonon flux can be calculated 

as  

 

1 0 ( ) ( )
op

op op s

E
E i E x E x

x

∂
+ α = β

∂
.                                    (9a) 

 

Here 
op opEα  is introduced phenomenologically to take 

into account the absorption processes in the crystal; 
opα  being 

the absorption coefficient in the off-resonant regime. 1β  is 

treated as the coupling parameter which can be obtained from 

the above formulations as 

 
1

222

1 2 2 2

0 0

( )
1

[( )

p ops

op pp op op c

i iNqiek

m M i

−
 ω ν − ω−

β = + + 
ω ω δ ε ω ω ν − ω + ω  

  (9b) 

 

where, 
2

0 01 ( / )cδ = − ω ω . We have also considered both 

0ω  and sω  to be much larger than ν . 2 1/ 2

0[ ( / )]p n e mω = ε  is 

the electron-plasma frequency. In order to obtain the steady 

state coupled mode equations for the pump and the Stoke’s 
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waves, we employ Maxwell’s equations in the presence of a 

finite induced nonlinear polarization 
nlP  arising due to the 

nonlinear current density given by 

 22
2

02 2 2

1

1 nlPE
E

c t t

∂∂
∇ = − µ

∂ ∂

��
�

.                                             (10) 

 

where 1c  is the velocity of light in the crystal. nlP Jdt= ∫
� �

, 

where 0 1J J J= +
� � �

 represents the total induced current density 

in the crystal and comprises the zeroth- order ( 0J
�

) as well as 

the perturbed components oscillating at the Stoke’s frequency 

1( )sJ ω
�

. We have restricted ourselves only to the infrared 

transparency region where photon energies are less than the 

crystal band gap energies. Thus, one can neglect the effect of 

the induced transition dipole moment in the crystal. The 

complex optical susceptibility 
r iiχ = χ + χ  can be obtained 

from 

 
(1) (2)

0 0[ ]nlP E E E= ε χ = ε χ + χ                                      (11a) 

 

where 

 
*

0 0( )nl s opP Jdt n ev n ev dt= = − +∫ ∫
� �

.                              (11b) 

 

In Eq. (11a), we have truncated the expression up to the 

second-order nonlinear optical susceptibility (
(2)χ ) since the 

origin of the three-wave parametric interactions lies in 
(2)χ  of 

the medium. Using Eqs. (10)-(11) and employing the slowly 

varying envelope approximation (SVEA), we obtain in the 1-d 

configuration 

 
*0

0 0 20 ( ) ( )op s

E
E i E x E x

x

∂
+ α = β

∂
                                    (12a) 

 

and 

 
*

2 0( ) ( )s
s s s op

E
E i E x E x

x

∂
+ α = β

∂
.                                   (12b)  

 

Eqs. (12) represent coupling of the pump and the 

backward scattered Stoke’s wave via the optical phonon 

vibrations in the medium. 0α  and 
sα  are the inherent 

backward absorption coefficient at frequency 0ω  and sω  

defined as 1

0, 0,( / )s s icα = ω η χ ; η  being the crystal background 

refractive index and 0, 0,( / )s sk c= ηω . One can find (1)

iχ  in the 

presence of a strong magneto static field sB  by using Eqs. (6) 

and (11) as 

 2

(1)

3 2 2 2( / )

p s

i

s s s

∞

ω ν δ
χ = ε

ω δ + ν ω
                                           (13) 

 

where 
21 ( / )s c sδ = − ω ω . 20,sβ  as introduced in Eq. (12) is 

the coupling parameter which is defined as 

 
0, (2)

20,
2

s

s
c

ω
β = χ

η
                                                              (14) 

 

with (2)χ  being the second-order optical susceptibility of 

the crystal at finite magnetic field. 

Following Aghamkar and Sen [34] and using Eqs. (1-6) 

and (11), (2)χ  can be obtained as 

 
22

(2)

2 2
0 0 0

ps

s s pp

iekNq

mM

ω−
χ =

ε ω ω δ δ ω Ω
,                                  (15) 

 

where 2 2 2( / )p s op opiΩ = ω δ − ω + νω . 

We now address ourselves to the analytical study of 

operational characteristics of the optical parametric amplifiers 

and oscillator. We employ Eqs. (9) and (12b) and solve them 

assumed solution of the forms [16] 

 
1( ) exp( )opE x C x= γ                                                      (16a) 

 

and 

 
2( ) exp( )sE x C x= γ ;                                                     (16b) 

 
1C  and 2C  are the arbitrary constants and γ  is the gain 

coefficient. One may recall that the parametric interactions 

yield identical gain coefficients for both the signal and idler 

waves. The gain coefficient can be determined by using Eqs. 

(9) and (12b) through Eq. (16). Simplification yield 

 1 0

*

2 0

(0)
0

(0)

op op

s s

i E E

i E E

γ + α β
=

β γ + α
.                                       (17) 

 

We obtain  

 
0

2

s

±

−α ± γ
γ =                                                                (18) 

 

with 2 1/ 2

0 1 2 0[ (8 / ) ]pc I−γ = α − β β ηε  and pump intensity 
2

0 0(1/ 2)pI c E= ηε . For simplicity, we consider 

op s±α = α + α . Also we have assumed 20 2 2sβ = β = β  for 

0 ~ s opω ω ω≫ . 

Consequently, we get form Eq. (16) 

 
0 0

1 1( ) exp exp exp
2 2 2

op

x xx
E x C C+

+ −

 γ −γ α     
= − +      

      
                                                     

                                                                                      (19a) 

 

and 

 
0 0

2 2( ) exp exp exp
2 2 2

s

x xx
E x C C+

+ −

 γ −γ α     
= − +      

      
.                                                    

                                                                                     (19b) 

 

In order to study the parametric amplification as well as 

oscillations in the direct-gap weakly polar semiconductor 

crystal, we consider (0)opE  to be finite due to the lattice 

vibrations. Also (0)sE  is non-vanishing due to finiteness of 

the spontaneous noise field. These considerations enable one to 

determine the signal and the idler fields at the exit window 
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x L=  with L being the sample length. Using the above 

boundary conditions, we obtain 

 
1 0 1 0

0

1
( ) (0) 2 (0) (0)

2
op sC E i E E+ −

 = γ α ± β γ
∓            (20a) 

 

and 

*

2 0 2 0

0

1
( ) (0) 2 (0) (0)

2
s opC E i E E+ −

 = γ ± α ± β γ
.         (20b) 

 

We also obtain 

                   

1
0 0 0 0

0 0

2
( ) exp cosh( ) sinh( ) (0) (0) (0)sinh( )

2
op op s

L i
E L L L E E E L+ −

     −α α β   
= γ − γ + γ      

γ γ         
                      (21a) 

 

and 

 

                        

*1
0 0 0 0

0 0

2
( ) exp cosh( ) sinh( ) (0) (0) (0)sinh( )

2
s s op

L i
E L L L E E E L+ −

     −α α β   
= γ − γ + γ      

γ γ         
.                     (21b) 

 

Eqs. (21) describe the output signal and idler waves in a 

parametric amplifier. The above basic formulations can be 

employed to study the device characteristics like threshold 

behavior, gain spectra and conversion efficiency of the 

OPA/OPO. 

 

3.  Parametric amplifier 

3.1  Threshold condition 

The threshold condition for the onset of parametric 

amplification for the case of a semiconductor can be studied by 

using Eq. (18). The threshold value of the pump intensity 
pthI  

required for the onset of the parametric amplification in the 

presence of an externally applied magnetic field is obtainable 

from Eq. (18) by setting 0
±

γ = . This yields 

 
0

1 2

( )
4 Re( )

op s

pth PA

c
I

α αηε
=

β β
                                             (22) 

 

where ‘Re’ denotes real part of 1 2β β . Eq. (22) will be used 

to study the effects of the excess carrier concentration 0n   

(through 
pω ) and the externally applied magnetic field sB   

(through cω ) on the threshold condition of the parametric 

amplifier. 

 

3.2  Power gain of parametric amplifier 

With the assumption that the pump intensity is well above 

threshold, the single-pass power gain ( )i sg  of the idler (signal) 

wave can be expressed through the relation [16]  

 ( )

( )

( )

( )
1

(0)

op s

i s

op s

E L
g

E
= − .                                                   (23a) 

 

Eq. (23a) manifests amplification of the generated modes (

opE  or 
sE ). Keeping in view that input noises value of the 

Stoke’s field is negligibly small (viz, 6

0(0) 10 (0)sE E−= ) [35], 

we have restricted ourselves to the study of amplification of the 

optical phonon flux in the high gain regime (i.e., 
2

1 2Re( ) pI +β β α≫ ). Consequently, we obtain the power gain 

factor for the idler wave as 

 

1/ 2

1 2

0

2 Re( )1
( ) exp

4

p

i

I
g L L

c

β β 
=  

ηε 
.                           (23b) 

 

This equation shows that energy can be transferred from 

the pump to the idler and is useful in understanding the 

phenomena of super-fluorescent parametric emission of the 

idler wave [16]. 

 

4.  Single resonant parametric oscillator (SRPO) 

In order to study basic operational characteristic of the 

SRPO, we consider that a parametric amplifier satisfying Eq. 

(21) is placed inside an optical cavity such that we can have 

feedback of Stoke’s field. If the parametric amplified power 

gain is sufficiently high, a parametric oscillator can be 

constructed [16]. The consideration of feedback mechanism 

makes it possible for the parametric gain to overcome the 

losses and subsequently parametric oscillations occur.  

 

4.1  Threshold condition   

Here, we have made an attempt to establish the weakly 

polar III-V semiconductor crystals as the class of materials 

suitable for the development of SRPO. The SRPO has many 

advantages over the double resonant parametric oscillator 

(DRPO) except that it requires large threshold pump intensity. 

Therefore, we have chosen SRPO for the present study. The 

optical cavity configuration for SRPO has been chosen such 

that the second mirror located at exit window of the cavity is 

strongly reflective at the Stoke’s wave frequency 
sω  whereas, 

for the pump and optical phonon frequencies 0ω  and 
opω , 

both the mirrors are nearly transparent. We have taken 
sR  as 

the Stoke’s field reflectivity parameter of the second mirror. In 

this analysis, we have neglected the phase shifts in phonon and 

Stoke’s field due to traversal and reflection in the cavity [36]. 

For simplicity it is also assumed that the cavity length is equal 

to the crystal length L. In order to reduce the threshold value of 

the pump intensity and to enhance the power gain of the optical 

phonon modes well above the threshold, we have employed the 

round-trip mechanism [16]. Under such circumstances, the 

threshold condition can be given by 

 
( ) (0)s s sR E L E= .                                                       (24) 
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Physically, Eq. (24) signifies that the Stoke’s field neither 

amplifies nor decays during one round-trip. While considering 

the attenuation loss due to absorption and scattering in the 

cavity as well as the mirror transmission loss, the total loss in 

the cavity may be expressed as [37] 

 1
(ln )T sR

L±+α = α − .                                                    (25) 

 

Using Eqs. (21b), (24) and (25), we obtain 

 
' '

2 0 0

0

(0)
exp Re( ) (0)sinh( )

2 (0)

sT
s op

EL
R E L

E

+−α 
β γ = γ 

 
 

 (26) 

 

with 

1/ 2

' 2

0 1 2

0

4 8Re( )
p

T

I

c
−

  
γ = α + β β  

ηε   
; 0(0) (0)sE E≪ . 

 

Eq. (26) can be differentiated with respect to '

0γ  to get the 

threshold pump intensity for SRPO as 

 

2

1 20

2

1 2

1 1
( ) cosh 4

8Re( )
pth SRPO T

c
I

QL

−
−

  ηε    = − α  
β β      

,                                                            

                                                                                       (27) 

 

where 0
2

(0)
exp (0) Re( )

2 (0)

T
s op

s

EL
Q LR E

E

+−α 
= β 

 
. 

 

4.2  Conversion efficiency of parametric oscillator 

In this subsection, we have addressed ourselves to the 

calculation of the conversion efficiency in weakly polar III-V 

semiconductor crystals. The conversion efficiency ( )i sη  is 

defined as the ratio of the idler (signal) output energy to the 

incident pump energy. In order to estimate the conversion 

efficiency of the parametric oscillator, relation between the 

idler (signal) power to constant signal (idler) power must be 

known [16, 37].  In the present article, this relation can be 

derived from the set of coupled mode Eqs. (9) and (12a). In 

doing so, we have assumed the signal field (Stoke’s mode) as 

constant during single round-trip. Solving Eq. (9) and (12a) 

and obtained simplified solution of the idler mode as

 

                          

1
2 2 0 2

1 1

2
( ) exp( ) cosh( ) sinh( ) (0) (0) (0)sinh( )T

op T op s

i
E L L L L E E E L−

+

     α β 
= −α γ − γ + γ     

γ γ       
,                  (28) 

 

where 
1 2T −γ = −α + γ , 

1/ 2
22

2 1 2Re( )T sE−
 γ = α + β β
 

. 

 

Using Eq. (28) and the definition of iη  as given above, we 

can have 

 
2

2

0

( )

(0)

op

i

E L

E
η = .                                                              (29) 

 

Eq. (29) can be employed to study the role of magnetic 

field as well as doping on the conversion efficiency under 

slightly off-resonant laser excitation with pump intensity well 

above the threshold. 

 

5.  Results and discussion  

In this section, we have made a detailed numerical 

analysis of the operational characteristics of the OPA/OPO 

using III-V semiconductors in the presence of a static magnetic 

field. Special emphasis is laid on the dependence of operational 

characteristics on the system parameters like doping 

concentration 0n , applied magnetic field sB  and pump 

intensity 
pI . The material system selected for the numerical 

analysis is n-InSb duly irradiated by a pulsed 10.6 µm CO2 

laser with pulse duration of 10 nanosecond. The other relevant 

material parameters are [23, 28]: 00.014m m=  ( 0m  being the 

free electron mass), 6 11.86 10 mk −= × , 11 110 s−ν =  (electron-

electron collision frequency), 1100mop

−α =  [15] and the 

sample length 400 mL ≥ µ . The pump frequency 0ω  

(corresponding to 10.6 µm wavelength of the CO2 laser) is 
14 11.78 10 s−× . The longitudinal component of the optical 

phonon frequency 
opω  can be defined as /op B Dkω = θ ℏ , Bk  

and Dθ  being Boltzmann’s constant and Debye temperature of 

the lattice, respectively. With 278KDθ =  [38] for n- InSb 

crystal, we get 13 13.64 10 sop

−ω = × . 

 

5.1  Threshold and power gain of OPA 

Making use of the material parameters for InSb crystal as 

given above in Eq. (22), the threshold nature of the parametric 

amplification has been studied. In weakly polar 

semiconductors, the longitudinal optical phonon emission rate 

depends upon the excess carrier energy as well as its density. 

This emission rate is constant at low 0n  and decreases sharply 

with 22 3

0 10 mn −>  ( 14 11.7 10 sp

−ω > × ) while studying 

operational characteristics of OPA/SRPO.  

Fig. 1 represent the analytical dependence of the threshold 

intensity ( )pth PAI  on the applied magnetic field (in terms of cω
). It can be seen that ( )pth PAI  decreases sharply and achieves a 

minimum value at 
14 10.60 10 sc

−ω = ×  ( 4.8TsB = ). This dip 

may be attributed to the fact that at 4.8TsB =  resonance 

between cω  and 2 opω  occurs. For 
14 1 14 10.7 10 s 1.24 10 sc

− −× < ω < × , ( )pth PAI  is independent of 

magnetic field. Further increase in the value of magnetic field 

causes increase in ( )pth PAI . Around 
14 11.38 10 sc

−ω = ×  (

11TsB = ), we have 0c sω ω < ω∼ , and the threshold intensity 

exhibits a peak. Still higher magnetic field causes sharp fall in 

the threshold value of the pump intensity required for the onset 

of parametric amplification. For 0c sω ≤ ω ≤ ω , Fig. 1 exhibits 

a sharp fall in the threshold intensity and the minimum 

threshold  is obtained for 0cω ω∼ . In moderately doped n-type 

InSb crystal, such lowering of threshold intensity by applying a 

magnetic field 14.2TsB =  makes this crystal a potential 

candidate material for parametric amplification studies. With 
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further increase in magnetic field (resulting in 0cω > ω ), the 

departure from the resonance causes increase in ( )pth PAI  and 

that finally saturates at a considerably large value. Hence it can 

be concluded that resonant enhancement of the threshold input 

intensity for the onset of OPA occurs when the electron 

cyclotron frequency is equal to signal frequency, whereas 

resonant decrement takes place when cyclotron frequency 

approaches towards pump wave frequency. 

 

 
Figure 1: Variation of the threshold intensity ( )pth PAI  of the 

parametric amplifier with magnetic field sB  (in terms of cω ). Here 
21 3

0 2 10 mn
−= × ( 12 15.4 10 sp

−ω = × ). 

 

 
Figure 2: Variation of threshold pump intensity ( )pth PAI  with carrier 

concentration 0n  (in terms of pω ) in the absence ( 0cω = ) and 

presence ( 0cω = ω ) of magnetic field. 

 

Fig. 2 is plot of the threshold intensity (both in the 

presence and absence of a magnetic field) as a function of the 

doping concentration (in terms of 
pω ). In the absence of 

magnetic field ( 0cω = ), ( )pth PAI   increases linearly with 

increasing doping concentration. On the other hand, in the 

presence of magnetic field ( 0cω = ω ), ( )pth PAI  remains almost 

constant initially and shows a dip at 14 15.8 10 sp

−ω = ×  (
2 2

0p opω δ ω∼ ). Thereafter the threshold intensity varies as a 

function of doping concentration. It is clear from Figs. 1 and 2 

that ( )pth PAI  can be reduced from 10
6
 to 10

3
 Wm

-2
 in n-InSb by 

the proper selection of magnetic field magnitude and doping 

concentration. 

In order to study the spectral behaviour of super-

fluorescent parametric amplifier through the power gain 

parameters 
( ) ( )i sg L , we have used the Eq. (23b). Here, we 

have confined ourselves to the study of power gain of optical 

phonon in n-InSb. The parametric gain of the signal in this 

crystal has been studied recently by one of the present authors 

[39]. The efficient super-fluorescent parametric operation can 

be achieved if the power gain is extremely high, such that the 

power gain factor ( )ig L  represented by Eq. (23b) is found to 

be as large as 10
16

 [16]. In order to achieve this, we have 

chosen 11 210 WmpI −
∼  and 400 mL = µ . 

It appears worth discussing that at such high excitation 

intensities of the 10.6 µm pulsed CO2 laser, a large free carrier 

density may be created in InSb crystal, via two-photon 

absorption mechanism. Such carrier generation depends 

critically on the proximity of the crystal band gap energy 
gωℏ  

to the two-photon energy 0ωℏ . As is well known, the 

possibility of the two-photon absorption induced free carrier 

generation can be minimized by increasing the crystal band 

gap. This is achieved successfully by choosing a low crystal 

temperature. Accordingly, we have selected the crystal 

temperature around 5 K when 0.2368eVgω =ℏ  for InSb [40].  

Consequently the two-photon absorption can be eliminated and 

the three-photon absorption probability being obviously small 

with 
03gω ωℏ ≪ ℏ , and, therefore, one can neglect the photo 

generation of free carriers. It may be also noted that the 

parametric gain factor can be increased by increasing the 

sample length. Thus, the requirements on the excitation 

intensity can be reduced by considering longer sample with 

400 mL > µ  to get significant parametric amplification and 

oscillation. These system specifications are also adequate in 

avoiding the possibility of any optical damage of the crystal. 

Experimentally, Ji et.al. [41] observed optical bistability in 

InSb crystal at excitation intensity of 1 MWcm
-2

 obtainable 

from 1.5 to 2 µs pulsed CO2 lasers and did not notice any 

optical damage. The dependence of the power gain on the 

applied magnetic field is displayed in Fig. 3.  

The curve manifests remarkable enhancement of the 

power gain only when a large magnetic field yielding 0cω ω∼  

is applied. The variation in ( )ig L  with change in the sample 

length L and the pump intensity 
pI  are shown in Figs. 4 and 5, 

respectively. These figures are plotted for 0cω = ω . It can be 

observed that ( )ig L  increases almost exponentially with 

increase in L as well as 
pI . A similar observation of an 

intensity dependent power gain was reported by Rabson et.al. 

[42] in Ba2NaNb5O15 single crystal where the idler was also an 

electromagnetic wave. 
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Figure 3: Variation of single-pass power gain ( )ig L  of the optical 

phonon wave with magnetic field sB  (in terms of cω ). Here 
21 3

0 2 10 mn
−= × ( 12 15.4 10 sp

−ω = × ) and 11 210 WmpI −= . 

 

 
Figure 4: Variation of single pass power gain ( )ig L  with the sample 

length L. Here 14.2TsB =  ( 14 11.78 10 sc
−ω = × ), 21 3

0 2 10 mn
−= × (

12 15.4 10 sp
−ω = × ) and 

11 210 WmpI
−= . 

 

We may expect from the above results and discussions that 

super-fluorescent parametric emission of the optical phonons 

can be observed in moderately doped III-V semiconductor 

crystals and subjecting it to a 10-nanosecond pulsed high 

power laser and a large magnetic field. 

 

5.2  Threshold and conversion efficiency of SRPO 

In this subsection, we examine the role of the magnetic 

field, on the threshold condition and the conversion efficiency 

of the SRPO using an n-InSb crystal. 

We have fixed the doping level at 21 32 10 m−×   (i.e. 
12 15.4 10 sp

−ω = × ). 

 
Figure 5: Variation of single pass power gain ( )ig L  with excitation 

intensity pI  well above the threshold. Here 400 mL = µ , 14.2TsB =  

( 14 11.78 10 sc
−ω = × ), 21 3

0 2 10 mn
−= ×  (

12 15.4 10 sp
−ω = × ). 

 

 
Figure 6: Variation of threshold intensity ( )pth SRPOI  of the single 

resonant parametric oscillator with the applied magnetic field sB  (in 

terms of cω ). Here 21 3
0 2 10 mn

−= ×  (
12 15.4 10 sp

−ω = × ). 

 

Using Eq. (27), the qualitative behavior of the threshold 

intensity of SRPO ( )pth SRPOI  as a function of the magnetic field 

(in terms of cω ) is plotted in Fig. 6 at fixed reflectivity 

95%sR =  and sample length 400 mL = µ . The qualitative 

nature of the variation of ( )pth SRPOI  is almost similar to that of 

( )pth PAI  as shown in Fig. 1. Qualitatively, one can find that at 

low magnetic fields, ( )pth SRPOI  is so large that one may use 

semiconductors like n-InSb in SRPO when the crystal is 

subjected to a large magnetic field. Such a configuration can 

bring down the threshold intensity by about an order of 5 to 6. 

It has been also noticed that the ( )pth SRPOI  decreases sharply 

with the increase in the mirror reflectivity as well as sample 

length. These analytical results are in very good agreement 

with the experimental observations [43, 44]. 
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Figure 7: Variation of conversion efficiency iη  of the parametric 

oscillator with excitation intensity pI . Here 95%sR =  and 

400 mL = µ . 

 

It is evident from Fig. 7 that if the crystal is subjected to a 

large magnetic field 14.2TsB =  (
0cω ω∼ ), and the excitation 

intensity 
pI  is well above the threshold, the conversion 

efficiency undergoes an almost exponential increase with rise 

in 
pI . This is also compatible with the available experimental 

results but one may note in this connection that the excitation 

intensity cannot be increased arbitrarily and one should restrict 

to values of 
pI  well below the optical damage limit. Of course, 

the damage threshold can be raised by reducing the pump pulse 

duration and increasing the sample length. 

 

4.  Conclusions 

The present article deals with the analytical investigation 

of the OPA and SRPO in a weakly polar semiconductor 

subjected to a large magnetic field. The numerical analysis is 

made for a 400 µm long n-InSb sample. The result suggests 

that efficient OPA/SRPO can be devised using III-V 

semiconductor crystal considering optical phonon scattering 

mechanisms.  

Based upon optical phonon scattering mechanisms, the 

second-order optical susceptibility 7~ 1.6 10−× SI units in the 

presence of a magnetic field around 14.2 T. The application of 

a large magnetic field significantly reduces the threshold value 

of the pump intensity for the onset of parametric amplification 

and oscillation. At sufficiently high magnetic fields (i.e. 

0cω ω∼ ), the power gain is enhanced by a few orders of 

magnitude.  

The conversion efficiency of SRPO is also enhanced 

significantly in the above resonant regime. The present 

numerical analysis indicates towards the strong possibility of 

achieving super-fluorescent parametric amplification in the 

infrared region under the consideration of  

(i) a slightly off-resonant laser excitation with excitation 

intensity around 10 MWcm-2; and  

(ii) the optical phonon electric field much larger than the 

Stoke’s field at the entrance window. 
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