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ABSTRACT

The influence of band nonparabolicity and carrier heating on nonlinear wave dynamics, resulting from
parametric interactions between electrons and longitudinal optical phonons in polar semiconductors,
has been analyzed both theoretically and numerically. Explicit expressions for the threshold pump
necessary to initiate polaron-induced parametric interactions, as well as the corresponding
amplification characteristics, have been derived. It is observed that the effects of polarons and band

nonparabolicity are cumulative, leading to a substantial increase in parametric gain. At low magnetic
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1. Introduction

Polarons have received considerable attention due to their
role in forming two-dimensional electron gases in
semiconductor heterostructures. The electronic properties of
spherical quantum dots under parabolic confinement and dc
electric fields [1], as well as the nonlinear optical and quantum
characteristics of low-dimensional semiconducting systems [2],
have been investigated for potential applications in electronic
and photonic devices. Compound semiconductors serve as
ideal hosts for studying both 2D and 3D polarons, with InSb
being particularly notable for its strongly nonparabolic
conduction band [3-7]. Band nonparabolicity significantly
influences electronic excitations in doped semiconductors [8].
Earlier studies often treated polaronic effects and
nonparabolicity as simply additive; however, incorporating
nonparabolicity improves the agreement with experimental
observations, including enhanced polaron effective mass
renormalization and shifts of resonant polaron behavior to
higher fields [9]. Full consideration of nonparabolicity aligns
well with experimental results, such as the carrier-
concentration dependence of the intensity-vanishing point in
infrared reflection spectra [10-12]. Techniques like the
Random Phase Approximation combined with Lorentzian
oscillator models have been employed to describe phonon
polarization [13-15]. Advances in epitaxial growth also make it
possible to fabricate Morse quantum wells, where the inclusion
of electron—longitudinal ~ optical phonon interactions
significantly affects nonlinear optical properties and modifies
the optical refractive index [16-18].

Significant changes in polar semiconductors at room
temperature and below have been attributed to lattice impact
ionization by hot carriers [19-21]. The study of carrier heating
(CH) effects in semiconductor plasmas has a long history,

fields and moderate carrier concentrations, the energy dependence of the effective electron mass and
collision frequency significantly modifies both the threshold and amplification behavior, suggesting
potential applications in the design of optical switching devices.

dating back to 1973 [8]. In doped semiconductors, strong
space-charge fields prevent simple redistribution of carriers,
yet nonlinearity can emerge due to the energy dependence of
the carrier effective mass. Incorporating appropriate collision
mechanisms, Hall field effects, and conduction band
nonparabolicity has enabled more realistic analyses of
convective instabilities [22]. Carrier heating induced by high-
intensity pumps in high-mobility semiconductors has attracted
significant research interest, highlighting phenomena such as
high transparency, large third-harmonic amplification, and
pump attenuation under magnetic fields [23, 24]. Recent
studies have also examined the laser induced carrier heating
effects on real and imaginary parts of Raman susceptibility of
weakly-polar semiconductor magneto-plasmas [25, 26]. More-
over, the presence of super-thermal electrons has been shown
to modify the conditions for modulational instability, including
its threshold and growth rate, in magnetized plasmas [27].

Studies on parametric interactions (PI) in acousto-optical
semiconductors have shown notable enhancement in both
dispersion and gain profiles in the presence of hot carriers [24].
In polar semiconductors, energetic electrons predominantly
transfer their energy to the lattice through the emission of
longitudinal optical (LO) phonons [28]. Additionally, the
threshold conditions and operational behavior of singly
resonant parametric oscillators in magnetized plasmas have
been examined through analytical approaches [29].

In most earlier studies, the influence of carrier heating on
the parametric interaction between electrons and LO phonons
has been largely overlooked. The role of conduction band
nonparabolicity (NPE) in affecting nonlinear behavior and
amplification characteristics through hot carriers, analyzed via
a semiclassical approach, remains insufficiently explored.

[oHom
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Therefore, the fundamental process of polaron-induced
parametric interaction (PIPI) is considered here as a starting
point to investigate the nonlinearity arising from energy-
dependent effective electron mass (EEM) in a nonparabolic
conduction band and the associated modifications in electron
collision frequency (ECF).

Therefore, an analytical investigation of the threshold
conditions and amplification behavior, based on the second-
order susceptibility of a semiconductor plasma under the
influence of a transverse magnetic field, is highly valuable. In
this work, we explore how external factors such as the
magnetic field strength, carrier density, and wave vector can be
used to analytically determine the effect of carrier heating on
this interaction. The structure of the paper is as follows:
Section 2 presents the theoretical framework for evaluating the
threshold and amplification characteristics of the nonlinear
medium. Section 3 discusses the analytical findings along with
graphical illustrations, and Section 4 summarizes the key
conclusions.

2. Theoretical formulation

Any physical system undergoing oscillations shows
nonlinear behavior when driven beyond a certain limit. In
optical systems, such nonlinearity emerges under sufficiently
strong illumination. This manifests in the polarization of the
material, which then contains both linear and nonlinear
components. The fundamental mechanism behind parametric
processes is associated with the second-order optical
susceptibility (%) in a nonlinear crystal, derived from the
solution of Maxwell’s nonlinear wave equation. In
semiconductors, the high mobility of charge carriers makes
carrier heating effects noticeable even at relatively low fields,
giving rise to distinct nonlinear behavior [30]. Additionally, the
conduction band’s nonparabolicity introduces intrinsic
nonlinearity through the energy-dependent effective mass
(EEM). Carrier heating alters the electron collision frequency
(ECF), while nonparabolicity modifies the EEM. The objective
here is to quantify the individual contributions of these effects
to the overall nonlinearity, providing a clearer understanding of
hot carrier dynamics.

In this section, we examine the parametric amplification of
the polaron mode resulting from three-wave interactions in a
polar semiconductor subjected to irradiation by a relatively
high-power laser, whose photon energy is well below the
crystal’s bandgap. The analysis is carried out under the
following assumptions:

(i) The analysis employs the widely used hydrodynamic
model of a homogeneous semiconductor plasma, which
satisfies the condition kl <<1 (where k is the wave number and
| is the electron mean free path). Within the hydrodynamic
approximation [31], the charge carriers in the plasma are
treated as a continuous, conducting fluid embedded in the
crystalline lattice. This approach establishes a particle velocity
distribution and allows the replacement of individual streaming
electrons with a fluid representation, simplifying the analysis
while retaining essential physical features. The model is
characterized by key parameters such as the mean electron
density (represented via the plasma frequency), mean drift
velocity, and mean pressure (related to the collision
frequency).
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(ii) It is assumed that the polar semiconductor medium is
illuminated by a spatially uniform (|k,|~0) pump electric
field E, =RXE,exp(—ic,t) while being subjected to a
transverse DC magnetlc field B =17B,.

(iii) The system is assumed to satlsfy the phase-matching
conditions, denoted as: w, ~ w, +®, and |k ~|kp, ~k (say).

(iv) The parametric interaction of the pump field produces
a polaron wave ((op,,k ) and a scattered signal wave (SW)
(ml,kl) which are supported by the lattice vibrations and the
electron plasma of the medium, respectively.

2.1 Nonlinearity due to EEM

The energy—-momentum relationship (§—k) for an
electron in the conduction band of an n-type InSb crystal is
expressed as [32]:

hkz € 1 1/2
Ky=— _39 2k . 1
0 =5 2+2[ +2p j @)

Here, £ and 7k represent the energy and momentum of
an electron in the conduction band, mg is the free electron
mass, ¢, is the energy band gap, and p(= 8.5x10°%eV) is a
relevant matrix element [33]. From the energy dispersion
relation in n-InSb (Eq. 1), it is evident that & is not strictly
proportional to k?, which highlights the nonparabolic nature of
the conduction band. Although the motion of electrons in the
periodic potential of a crystal is fundamentally quantum
mechanical, one can approximate the dynamics classically by
considering average quantum values of physical quantities.
This allows the introduction of an energy-dependent effective
mass (EEM) [31, 34], effectively reducing the quantum
problem to a classical framework:

1 _(14dg
m’ _(hzk dkj' @)

Using Eqg. (1) in Eqg. (2), the electron effective mass is
considered to be energy-dependent, particularly near the

bottom of the conduction band (|IZ|—>O), under the
approximation m” << m,, where
A+ kggl'
m = BlO 3
— ®)

2(€)

B
distribution

Here, A represents a ratio , which is of the order of

(T /Ty)
4p? . . .
L =——— ke is the Boltzmann constant and Ty, is the lattice

3n°kg T,
temperature.

When a semiconductor is subjected to a progressively
stronger electric field, the carrier drift velocities eventually
approach their saturation limit. Beyond this point, any further
increase in the field primarily enhances the random thermal
motion of the carriers, thereby increasing their average kinetic
energy. Since kinetic energy is directly related to temperature,
the electrons become “hot,” meaning their effective

under  Maxwellian [34]. Here,
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temperature exceeds the lattice temperature. After the steady
state is reached, the applied field primarily increases the
random thermal velocity of the carriers, and this can be taken
as the main cause of carrier heating. The energy dependence of
the electron effective mass, as expressed in Eq. (3), is therefore
a significant source of nonlinearity in InSb [35].

2.2 Nonlinearity due to ECF

In general, when a high-intensity pump field interacts with
a high-mobility n-type semiconductor, the electrons absorb
energy and momentum from the field, causing their effective
temperature (Te) to rise above the lattice temperature (To). This
increase in electron temperature reflects the phenomenon of
carrier heating, which significantly affects the electronic and
optical properties of the semiconductor.

This increase in electron temperature alters the
momentum-transfer collision frequency of the electrons, which
is primarily assumed to arise from acoustic phonon scattering.
The modified collision frequency can be expressed as [30]:

T 1/2
l—‘e = l—‘eo (T_ej ' (4)
0

Here, Te represents the effective electron temperature, and
I',, is the electron collision frequency at T, =T,. The steady-
state electron temperature T. can be obtained from the
following energy balance equation:

9 ey _epy_ (8
at<§>—eE.v <at> . (5)

coll

Here, v denotes the first-order perturbed electron velocity.
The x- and y-components of this first-order electron fluid
velocity can be expressed as:

2r e k., T
V,=—P | = F —ik|—2—|n 6a
1x 4Fi,|+(9§|: me Eix 1(menoJ 1:| ( )
and

) e o[ kgT
v, =—— | —— -1 . 6b
Y 4r;,+@g[ o Ex kl(meno]nl} (6b)

In this expression, I',, =T, +T , represents the optical
phonon decay constant, ny and n; denote the unperturbed and
perturbed electron densities, respectively, and Eix is the x-
component of the first-order perturbed electric field.

oG

<—> represents the rate of energy loss per electron due
coll

to polar optical phonon (POP) scattering in an n-type I11-V
semiconductor. Under steady-state conditions, the power
absorbed by each electron from the pump equals the power
dissipated through POP scattering. Therefore, for moderate
carrier heating, the electron temperature T, can be expressed
as:

2 2 2
T4, 8T . T((”; ;””0) __E,E], @)
To 2m, [(oF +wy)” + 4T 0
where
A (szeD j £ ¥ K ( % ] X exp(x,/2) .
= 00 Xo0-Ko . ;
m,m 2 exp(x,) -1
m, 7 1 1 . .
Epo :E—Z(DL(———] (POP scattering potential);
h €, &

h .
Xy = t 7 Ko (ﬁj (zeroth-order Bessel function);
ks To 2

0

eB, ) .
®, (z m_J is the cyclotron frequency,

e
0p is the Debye temperature of the medium,

g, and g are static and high-frequency dielectric
permittivities of the medium, ®, being the LO mode

frequency. e and m. are the charge and effective mass of
electron, respectively.

2.3 Second-order nonlinear optical susceptibility

Since numerous semiconductor properties depend on the
carrier velocity distribution [30], high-field-induced changes
are likely to alter the medium’s optical nonlinearities. The
interaction between collective cyclotron excitations and
longitudinal optical (LO) phonons generates an induced
polarization in the medium. By employing the fundamental
equations [29], applying the rotating wave approximation
(RWA), and following the method adopted in Ref. [24], the
induced polarization can be expressed as:

p@ (o) = SOX(Z) E E; . (8)

Here, E, represents the space-charge field, and * denotes
the complex conjugate of the quantity. Using Eq. (8), the
second-order nonlinear susceptibility, x®, can be expressed
as:

(@ _ ke (NM)"2 [ 0, QAT . ©)
megompl 0)(2) _(Oi I:1

Here we have neglected the Doppler shift under the
assumption @, >>T,, >k, .V, and N(=a) are the reduced
mass of the di-atomic molecule and the number of unit cells
per unit volume, respectively and a is the lattice constant of the
crystal. g, is dielectric permittivity of free space. @, is the
plasma frequency; ¢ is the dielectric permittivity of medium.
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200 ) = 0, + 0 + 0 +[(o)p +o +o,)” —4o,0r +o;0; J
is the frequencies of the normal modes in presence of
magnetic field with (k, ~0) and (k, L B), arising from the
coupling of the collective cyclotron excitations with the LO
phonons via the macroscopic longitudinal electric field [37].
o; is the transverse optical phonon frequency. The above
formulation reveals that the crystal susceptibility is influenced
by the wave vector k, carrier concentration no and the
transverse dc magnetic field through o, .

2.4 Threshold and amplification characteristics

The threshold pump amplitude, [Eyy]pe, Which
corresponds to the minimum pump field required to initiate
polaron-induced parametric interaction (PIPI), can be

determined as:
m 2
e 112 155,
ekA, M

Parametric amplification occurs when the pump field
exceeds this threshold value, and under suitable conditions, the
corresponding gain can be expressed as:

[EOth ] para — (10)

— S (2)
o = E, . 11
para 281 [X ]| 0 ( )

Here, o, represents the nonlinear absorption

coefficient. Equation (11) is thus used to analyze the
amplification behavior of the scattered wave in the parametric
process. The nonlinear parametric gain for both the signal and
idler waves becomes feasible only when a\alphaa (from Eq.
(9)) is positive, which occurs for pump electric fields satisfying

|E0| > |[E0th]para '
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3. Results and discussion

Using the theoretical approach outlined in Sect. 2, we have
examined how nonparabolicity effects (NPE) influence the
threshold conditions necessary for initiating parametric
interactions and the resulting parametric amplification, where
power is transferred from the pump wave to the signal wave in
a IlI-V polar semiconductor. Numerical calculations were
performed for an n-InSb sample subjected to a pulsed 10.6 pm
CO; laser. The relevant physical parameters are taken from
references [24, 29], and the analytical results are presented in
Figs. 1-6.

42 1.14
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404
112
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‘_“U'J
S 38 R 111 £
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=
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35
34 . . . : 1.08
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Figure 1: Variation of electron collision frequency (ECF, I', ) and
normalized energy-dependent effective mass (EEM, m*/me) as a
function of the electron-to-lattice temperature ratio (Te/To) at . =
1.758x1012 s,

Figure 1 illustrates the heating of carriers by the pump
field (Eq. 7) along with the pump-induced variations of the
normalized energy-dependent effective mass (EEM, Eq. 3) and
electron collision frequency (ECF, Eq. 4). The plots indicate
that both the ECF and normalized EEM increase approximately
linearly with the electron-to-lattice temperature ratio. For
example, at T, /T, =1.4, the normalized mass m"/m, reaches
1.1. This highlights the significance of carrier heating (CH)
effects and NPE during interactions between an intense pump
and a high-mobility semiconductor. Equation (7) also shows
that a static transverse magnetic field can influence carrier
heating in the range ®, >w,. However, at very strong
magnetic fields, cyclotron resonance effects become
significant, making the present model inapplicable. Therefore,
within the permissible range o, <o,, the effect of the
magnetic field on carrier heating is considered negligible.

3.1 Threshold characteristics

Using the given material parameters, we analyzed the
threshold characteristics of the parametric interaction process.
Equation (10) demonstrates that the threshold for parametric
amplification strongly depends on the external magnetic field
and the carrier concentration of the semiconductor. Figure 2
shows the variation of the threshold pump field [E;].... as a

para
function of cyclotron frequency.
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Figure 2: Threshold pump field ([Eqy, ] ,ara ) @s @ function of
cyclotron frequency ( e, ) for carrier density no = 4.2x10% m= and
wave vector k = 3x108 m™,

The solid and dashed curves represent the threshold
behavior with and without carrier heating (CH) effects,
respectively. While both curves exhibit qualitatively similar
trends, the comparison clearly highlights the significant role of
CH effects in determining the onset of polaron-induced
parametric interaction (PIPI).

Resonance between the cyclotron frequency and the signal
frequency lowers the threshold pump field to its minimum in
both scenarios. The presence of hot carriers shifts this
minimum toward a higher magnetic field, which can be
interpreted as a cooling effect of the magnetic field, consistent
with earlier studies [38, 39]. Beyond the resonance frequency,
increasing the magnetic field raises the threshold pump,
reaching a peak. This increase is attributed to the reduction in
A@f) in &, term. At higher magnetic fields, the influence of
carrier heating on threshold becomes negligible. The threshold
pump reaches a minimum at a magnetic field corresponding to
resonance between the cyclotron frequency and the polaron
wave frequency in both cases. Therefore, the minimum
threshold pump can be achieved at two distinct magnetostatic

field values due to these two different resonance conditions:
—2 =2

® ®
o) = (l——g}—cof) and o} = o) {1——2}—03?) :
o, @,

3.2 Parametric amplification characteristics

One of the main goals of the present study is to examine
the parametric amplification arising from the imaginary part of
the second-order optical susceptibility, [x®7;, as presented in
Figs. 3-6. For significant parametric amplification, the pump
field must exceed the threshold value (|E,| >>|[Emh]para ). Itis
well established that a positive o,,, corresponds to
parametric absorption, whereas a negative o ., indicates
parametric gain or amplification. In the figures, solid and
dashed curves denote results with and without carrier heating
(CH) effects, respectively.

-2.54
Without
-5.0 CH effects
-7.5
-10.0
£ 1254 With CH
i i
o l—
\;‘/ -15.0 effects
"% 1771
=l
-20.0 H
-22.5
-25.0 H
-27.5
-30.0 T T T T T T T T
02 04 06 08 10 12 14 16 18 20
k(x10°m™)

Figure 3: Dependence of the absorption coefficient (o ., ) On wave
vector k for no =4.2x102 m3 and @, = 1.758x10" s,
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Figure 4: Variation of absorption coefficient (o ., ) with carrier
density no at pump field Eo = 8x10°% Vm'?, wave vector k = 3x10% m%,
and @, = 1.758x1012 s,

Figure 3 illustrates the variation of the absorption

coefficient a

para

with the wave vector k. It is observed that at

(85 - 2iT o, )(67 - 2T ;)

~
~

the absorption coefficient o
reaching its maximum value. Away from this resonance, o

A,

g

shows strong gain, rapidly

para

para

remains nearly constant with respect to k. Notably, the gain
remains on the order of 10%° throughout the wave vector range

considered.
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Figure 6: Variation of absorption coefficient (o ., ) with carrier
density no at pump field Eo = 8x10% Vm?, wave vector k = 3x108 m'?,
and o, = 1.758x1012 s,

Figure 4 depicts the variation of the absorption coefficient
O 0 With carrier density no, considering both cases with and
without carrier heating (CH) effects. The analysis indicates that
the most favorable carrier concentration range for parametric
amplification lies between 3x10%° m < ng <5x10%*m™, as CH
effects significantly alter the electron collision frequency in
this regime. At no = 4.1x10% m, resonance between the
polaron (@, ,) and signal (w;) frequencies produces
maximum absorption, followed by a decrease in o, , while

resonance between the polaron cyclotron frequency and

RP Current Trends In Applied Sciences

collective cyclotron excitation frequency leads to the highest
parametric gain. Parametric amplification remains possible
beyond no = 4.2x102 m? in both scenarios. Carrier heating
causes the peak amplification to shift toward lower carrier
densities because the rise in electron temperature increases the
energy-dependent effective mass (EEM) and thermal energy,
resulting in the observed shift compared to the case without
CH effects.

Figure 5 illustrates the variation of the absorption
coefficient o, as a function of cyclotron frequency,
considering both cases with and without the energy-dependent
effective mass (NPE). At a wave vector of k = 3x108 m¥,
O, Can take both positive and negative values. Parametric
gain is observed only at lower magnetic fields, while beyond
0.2 T (o, =2.512x10" s%), parametric absorption dominates
due to resonance between the polaron cyclotron frequency and
the collective cyclotron excitation frequency. The solid curve
accounts for NPE by using the energy-dependent effective
mass m+, whereas the dashed curve uses the constant electron
mass me in Eq. (9). As Eq. (9) shows an inverse relationship
between susceptibility and electron mass, the inclusion of NPE
(m*/me = 1.08 at ®, = 1.758x10* s?) increases the effective
mass, which consequently reduces the parametric gain.

Figure 6 highlights the relative contributions of carrier
heating (through modification of collision frequency, solid
curve) and energy-dependent effective mass (EEM, dashed
curve) to the nonlinear effects in homogeneous semiconductors
in the infrared region. The analysis shows that nonlinearity
arising from the modified collision frequency is weaker
compared to the intrinsic nonlinearity due to EEM. The
presence of EEM not only enhances the overall parametric gain
but also shifts the peak gain toward higher carrier
concentrations. For instance, a small increase of 0.2x10%° m?
in carrier density leads to a 2% rise in parametric gain
attributed to EEM. This sensitivity of gain to carrier
concentration can be exploited for designing optical switching
devices.

4. Conclusions

We have developed a theoretical framework based on the
hydrodynamic model and coupled-mode theory to investigate
polaron-induced parametric interactions (PIPI) in compound
semiconductors. To analyze the effects of band nonparabolicity
and carrier heating, we determined the modified second-order
nonlinearity arising from the energy-dependent effective mass
(EEM) and electron collision frequency (ECF). Using this
approach, we calculated the second-order susceptibility and the
threshold pump required to initiate PIPI. For practical
applicability in fields such as ultrafast optical switches, electro-
optic modulators, and infrared diagnostics, numerical
estimations were performed for a well-studied compound
semiconductor, indium antimonide (InSb).

It is found that the dominant contribution to nonlinearity
arises from the energy-dependent effective mass (EEM). Both
EEM and electron collision frequency (ECF) nonlinearity
significantly modify the threshold and amplification
characteristics. Nonparabolicity (NPE) and carrier heating
(CH) effects are observed to enhance the parametric gain
effectively. Additionally, the magnetic field acts as a control
parameter, reducing the threshold pump field and further
increasing parametric gain. However, beyond 0.2 T, CH effects
become negligible. The combined inclusion of polaronic
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effects and NPE is additive, resulting in a parametric gain
enhancement on the order of 10° m™', compared to the gain of
acoustic waves in a collision-dominated semiconductor plasma
[40]. Therefore, it can be concluded that the second-order
nonlinearity is substantially modified by nonparabolicity and
carrier heating effects at low magnetic fields and moderate
carrier concentrations.
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