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ABSTRACT 
This paper presents an exact analytical investigation of unsteady variable concentration ferro-nano 
fluid flow past an inclined plate under the combined effects of thermal and solutal buoyancy, magnetic 
field interaction and bioconvection due to motile microorganisms. The governing system of equation 
accounts for Lorentz forces arising from an exponentially decaying magnetic field, porous medium 
resistance, thermal radiating and chemical reaction effects. Closed form solutions for the velocity, 
temperature, concentration and microorganism density distributions are obtained using the Laplace 
transform technique. The results elucidate the coupled influence of buoyancy forces, magnetization and 
bioconvective mechanisms on ferro-nanofluid transport characteristics. The outcomes provide useful 
insights for the design and optimization of magnetohydrodynamics and bio-thermal systems involving 
ferro-nanofluids. 
 

 
1.  Introduction 

 

Ferro-nanofluids are advanced engineered fluids formed 

by suspending magnetic nanoparticles such as Fe3O4 in a 

conventional base fluid, which enables simultaneous 

enhancement of thermal conductivity and active control of 

fluid motion through externally applied magnetic fields. Due to 
magnetic field interaction and magnetized nanoparticles, ferro-

nanofluids exhibit unique magneto-hydrodynamic and heat 

transfer characteristics that significantly influence momentum, 

thermal, and mass transport processes. Electronic cooling 

systems, heat exchangers, magnetic sealing, targeted drug 

delivery, biomedical devices, energy conversion technologies, 

microfluidic systems, and aerospace thermal management use 

these fluids, which have received attention. In practical 

engineering situations, ferro-nanofluid flows often occur under 

unsteady conditions and are affected by additional mechanisms 

such as thermal radiation, chemical reactions, porous media, 
and bioconvection induced by motile microorganisms, further 

modifying the transport behavior. Consequently, the theoretical 

and mathematical analysis of ferro-nanofluid flow is crucial in 

understanding combined effects of magnetic forces as well as 

thermal phenomena, thereby contributing to the efficient 

design and optimization of modern magnetically controlled 

thermal systems.  

“Magnetohydrodynamic parabolic flow” via “an 

accelerated isothermal vertical plate with heat and mass 

diffusion under rotating forces has been assessed by Selvaraj et 

al. [1]. Lakshmikaanth et al. [2] assessed how Hall current, 

internal heat generation affect MHD flow over an isothermal 
vertical plate subjected to chemical reaction and thermal 

radiation. Radiation decreased fluid velocity and heat enhanced 

it. Kesavaiah and Jahagirdar [3] studied MHD flow radiation 

absorption and chemical reactions on an exponentially 

accelerated inclined porous plate. Unsteady MHD flow via 

inclined permeable plate in a porous media was impacted by 
thermos diffusion, radiation, and chemical reaction, according 

to Prabhakar Reddy et al. [4]. Chemical reaction increases 

“Sherwood number,” while radiation parameter and duration 

increase “Nusselt number.” Krishna et al. [5] evaluated 

radiation absorption impact on MHD nanofluid flow across 

vertically moving absorbent plate. Radiation parameter raised 

velocity and temperature. Das et al. [6] studied thermal 

radiation on nanofluid over vertical plate, whereas Prasad et al. 

[7] observed increased velocity, temperature, and skin friction 

in MHD nanofluid flow with radiation absorption. Agarwall 

and Ahmed [8] examined “MHD mass transfer flow” over an 
inclined plate with variable temperature in a porous medium, 

while Krishna and Chamkha [9] studied” Hall effects of water-

based nanofluid flow. Hayat et al. [10] showed that increasing 

magnetic parameter decreases velocity field in nanofluid flow 

caused by conductive heating on a Riga plate.  

Further studies incorporating radiation, chemical reaction, 

and bioconvection have been reported extensively. Prakash et 

al. [11] assessed mass transfer and radiative heat in unsteady 

“MHD Casson fluid flow,” while Raghunath et al. [12] 

observed that Jeffrey and suction parameters decrease velocity 

“as chemical reaction impacts on Jeffrey nanofluid flow over 
inclined vertical plate under radiation. As variable viscosity 

increases, Afridi et al. [13] discovered velocity drop in second 

law analysis of dissipative flow over a Riga plate with 

“nonlinear Rosseland radiation.” Reddy and Rao [14] 

discovered increased Prandtl number and radiation-thinning 
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thermal boundary layers in unsteady MHD flow on a porous 

vertical plate. Rana et al. [15] explored Hall current and 

Lorentz force effects on inclined Riga plate flow, whereas 

Arthur et al. [16] found magnetic effects suppressed 

chemically reactive “Casson fluid flow” across a porous 

surface. Wang et al. [17]” executed computational assessment 

of bioconvection in Prandtl nanofluid flow and revealed that 

intensified magnetic and porosity impacts limit fluid velocity. 

Bioconvection in MHD micropolar nanofluid flow over a 
stretched sheet has been assessed by Farooq et al. [18], who 

examined that velocity increased as magnetic field intensity 

increased. Several other investigations addressed unsteady 

micropolar nanofluids [19], radiative riga plate flows [20], 

accelerated vertical plate problems [21], viscous dissipation 

with thermal radiation [22], chemically reactive Riga plate 

flows [23], modified nanofluid transport over Riga surfaces 

[24], nanofluid bioconvection with gyrotactic microroganisms 

[25], hybrid nanofluids with chemical reactions [26], Arrhenius 

activation energy effects [27], classical MHD nanofluid 

convection [28], microorganism-driven transport phenomena 

[29]-[32], and chemically reactive unsteady MHD flows [33], 
[34]. 

Despite the extensive contributions, an exact analytical 

treatment of unsteady ferro-nanofluid flow over an inclined 

Riga plate incorporating variable concentration, bioconvection, 

radiation, and chemical reaction under an exponentially 

decaying magnetic field remains unexplored. This paper fills 

this gap by creating a novel analytical framework utilizing 

“Laplace transform technique” to produce closed-form 

velocity, temperature, concentration, and microbe density 

distribution solutions. Detailed graphs describe impact of 

altering “physical parameters and engineering numbers” like 

skin friction coefficient, Sherwood number, Nusselt number, 

and bioconvective number. Results formulate the first 

benchmark dataset for ferro-nanofluid flow problems and 

highlight novel interactions between magnetic forcing, 

radiative heat transfer, chemical reaction, and bioconvective 

transport along an inclined Riga plane.  

 

2.  Mathematical formulation of the problem 
 

Unstable, incompressible ferro-nanofluid free-convection 

across an inclined vertical Riga plate is studied. Plate tilted at α 
to vertical. Coordinate system aligns x-axis with plate and 

normalizes y-axis. Transversely, 𝐵0   uniform magnetic field is 

applied. Ferro nano fluid is assumed to contain motile 

microorganisms, which induce bioconvection within the flow 

field. Initially, 𝑡 ≤ 0, plate and fluid maintain a homogeneous 

ambient temperature 𝑇∞, nanoparticle concentration 𝐶∞ and 

microbe density 𝑁∞. Riga plate generates a “tangential Lorentz 

force” which acts upon fluid near the plate. This 

electromagnetic forcing is incorporated into the momentum 
equation as an additional body force term, which decays 

exponentially with the normal distance from the plate. For 𝑡 >
0, plate temperature, nanoparticle concentration, and 

microorganism density are suddenly increased to 𝑇𝑤 , 𝐶𝑤  and 

𝑁𝑤. As a result, thermal, solutal, and bioconvective boundary 

layers develop along plate. All physical parameters are 

independent of x if plate is infinite in “x-direction,” and 

velocity component normal to the plate is ignored. Under these 
assumptions, the governing equations reduce to one 

dimensional, time-dependent system, which is formulated as 

follows.

 
 

Momentum equation: 
 

𝜕𝑢

𝜕𝑡
=

𝜇𝑛𝑓

𝜌𝑛𝑓

𝜕2𝑢

𝜕𝑦2 + 𝑔𝛽𝑇(𝑇 −  𝑇∞)𝑠𝑖𝑛𝛼 + 𝑔𝛽𝐶(𝐶 − 𝐶∞)𝑠𝑖𝑛𝛼 − 𝑔𝛽𝑁(𝑁 − 𝑁∞)𝑠𝑖𝑛𝛼 +
𝜎𝐵0

2

𝜌𝑛𝑓
(𝑢0𝑒−𝑘𝑦 − 𝑢) −

𝑢𝜇𝑛𝑓

𝜌𝑛𝑓𝐾∗+
𝜇0

𝜌𝑛𝑓

𝜕(𝑀𝐻)

𝜕𝑦
       (1) 

 

Temperature equation: 
 

𝜕𝑇

𝜕𝑡
=

𝑘𝑛𝑓

𝜌𝑛𝑓𝐶𝑝,𝑛𝑓

𝜕2𝑇

𝜕𝑦2 −
1

𝜌𝑛𝑓𝐶𝑝,𝑛𝑓

𝜕𝑞𝑟

𝜕𝑦
                                                                                                                                                   (2) 

 

Concentration equation: 
 

𝜕𝐶

𝜕𝑡
= 𝐷𝑛𝑓

𝜕2𝐶

𝜕𝑦2 − 𝑘𝑡(𝐶 − 𝐶∞)                                                                                                                                                        (3) 
 

Bioconvection equation: 

By neglecting the chemotactic and gyrotactic drift in comparison with random motility, the microorganism distribution may 

be expressed through the simplified bioconvection equation 
 

  
𝜕𝑁

𝜕𝑡
= 𝐷𝑚

𝜕2𝑁

𝜕𝑦2                                                                                                                                                                              (4) 
 

The Magnetic body force term 
𝜕(𝑀𝐻)

𝜕𝑦
 is evaluated by assuming a linearly magnetizable ferrofluid, for which the magnetization 

is proportional to the applied magnetic field and is given by 𝑀 = 𝜒𝐻. The applied magnetic field is modelled as an exponentially 

decaying function of the normal coordinate 𝐻 = 𝐻0𝑒−𝜆𝑦, representing the realistic attenuation of magnetic field intensity away 

from the Riga plate. Substituting these relations into the magnetic body force term yields a spatially varying Lorentz force. 

Consequently, the momentum equation governing the flow reduces to 
  

𝜕𝑢

𝜕𝑡
=

𝜇𝑛𝑓

𝜌𝑛𝑓

𝜕2𝑢

𝜕𝑦2 + 𝑔𝛽𝑇(𝑇 −  𝑇∞)𝑠𝑖𝑛𝛼 + 𝑔𝛽𝐶(𝐶 − 𝐶∞)𝑠𝑖𝑛𝛼 − 𝑔𝛽𝑁(𝑁 − 𝑁∞)𝑠𝑖𝑛𝛼  

                                              +
𝜎𝐵0

2

𝜌𝑛𝑓
(𝑢0𝑒−𝑘𝑦 − 𝑢) −

𝑢𝜇𝑛𝑓

𝜌𝑛𝑓𝐾∗ −
𝜇0

𝜌𝑛𝑓
2𝜆𝜒𝐻2

0𝑒−2𝜆𝑦                                                                        (5) 

 

The Rosseland diffusion approximation, which works for optically thick media, is used to model radiative heat flow within 

ferro-nanofluid. Under this assumption. The expression for the “radiation heat flux” is 
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𝑞𝑟 = −
4𝜎∗

3𝑘

𝜕

𝜕𝑦
(𝑇4)  

 

Here, 𝜎∗ represents Stefan-Boltzmann constant, k represents mean absorption coefficient.  

Assuming small temperature variations across flow, fourth-power temperature term 𝑇4 is linearized by performing “Taylor 

series expansion” about 𝑇∞and neglecting higher-order terminology, resulting i 
 

𝑇4 ≈ 4𝑇∞
3 𝑇 − 3𝑇∞

4   
 

Thus 
𝜕𝑞𝑟

𝜕𝑦
= −

16𝜎

3𝑘
𝑇∞

3 𝜕2𝑇

𝜕𝑦2 
 

Hence, the Temperature equation is 
  

 
𝜕𝑇

𝜕𝑡
=

𝑘𝑛𝑓

𝜌𝑛𝑓𝐶𝑝

𝜕2𝑇

𝜕𝑦2 +
1

𝜌𝑛𝑓𝐶𝑝

16𝜎

3𝑘
𝑇∞

3 𝜕2𝑇

𝜕𝑦2                                                                                                                                               (6) 

 

Initial and the boundary “conditions are: 
 

For ∀𝑡 ≤ 0 𝑢 = 0, 𝑇 = 𝑇∞, 𝐶 = 𝐶∞, 𝑁 = 𝑁∞ 
 

For 𝑡 > 0, 𝑢 = 𝑢0, 𝑇 = 𝑇𝑤 , 𝐶 = 𝐶∞ + (𝐶𝑤 − 𝐶∞)𝐴𝑡, 𝑁 = 𝑁𝑤  at 𝑦 = 0 
 

At 𝑦 → ∞, 𝑢 = 0, 𝑇 → 𝑇∞, 𝐶 → 𝐶∞, 𝑁 → 𝑁∞, Where 𝐴 =
𝜗𝑛𝑓

𝐿2  
 

Introducing the non-dimensional parameter 
  

𝑈 =
𝑢𝐿

𝜗𝑛𝑓
 , 𝑡1

∗ =
𝑡𝜗𝑛𝑓

𝐿2 , 𝑌 =
𝑦

𝐿
, 𝜃 =

𝑇−𝑇∞

𝑇𝑊−𝑇∞
, 𝜑 =

𝐶−𝐶∞

𝐶𝑊−𝐶∞
, 𝑛 =

𝑁−𝑁∞

𝑁𝑊−𝑁∞
 

 

𝐺𝑇 =
𝑔𝛽𝑇(𝑇− 𝑇∞)𝐿3

𝜗𝑛𝑓
2  , 𝐺𝐶 =

𝑔𝛽𝐶(𝐶− 𝐶∞)𝐿3

𝜗𝑛𝑓
2  , 𝐺𝑛 =

𝑔𝛽𝑁(𝑁− 𝑁∞)𝐿3

𝜗𝑛𝑓
2  , 𝑀 =

𝜎𝐵0
2

𝜌𝑛𝑓𝜗𝑛𝑓
𝐿2, 𝐷𝛼 =

𝐾∗

𝐿2, 

 

𝐹𝑚 =
2𝜇0𝜆𝜒𝐻0

2𝐿3

𝜌𝑛𝑓𝜗𝑛𝑓
2 , 𝑃𝑟𝑛𝑓 =

𝜌𝑛𝑓𝐶𝑝,𝑛𝑓

𝑘𝑛𝑓
, 𝑅𝑑 =

16𝜎

3𝑘𝑘𝑛𝑓
𝑇∞

3 , 𝑆𝑐 =
𝐷𝑛𝑓

𝜗𝑛𝑓
 , 𝐾𝑐 =

𝐾𝑡𝐿2

𝜗𝑛𝑓
, 𝑆𝑐𝑚 =

𝐷𝑚

𝜗𝑛𝑓
. 

 

Then the equations (5), (6) (3) and (4) reduces to 
  

𝜕𝑈

𝜕𝑡1
∗ =

𝜕2𝑈

𝜕𝑌2 + 𝐺𝑇𝜃𝑠𝑖𝑛𝛼 + 𝐺𝐶𝜑𝑠𝑖𝑛𝛼 − 𝐺𝑛 𝑛𝑠𝑖𝑛𝛼 + 𝑀(𝑒−𝐾1𝑌 − 𝑈) −
1

𝐷𝑎
𝑈 − 𝐹𝑚𝑒−2𝜆𝑌  

 

𝜕𝜃

𝜕𝑡1
∗ =

1

𝑃𝑟𝑛𝑓
(1 + 𝑅𝑑)

𝜕2𝜃

𝜕𝑌2  
 

𝜕𝜑

𝜕𝑡1
∗ =

1

𝑆𝑐

𝜕2𝐶′

𝜕𝑌2 − 𝐾𝑐𝜑  
 

𝜕𝑛

𝜕𝑡1
∗ =

1

𝑆𝑐𝑚

𝜕2𝑛

𝜕𝑌2.  
 

The boundary conditions becomes 
 

For ∀𝑡′ ≤ 0, 𝑈 = 0, 𝜃 = 0, 𝜑 = 0, 𝑛 = 0 
 

For 𝑡′ > 0, 𝑈 = 1, 𝜃 = 1, 𝜑 = 𝑡1
∗, 𝑛 = 1 at 𝑌 = 0 

 

At 𝑦 → ∞, 𝑈 → 0, 𝜃 → 0, 𝜑 → 0, 𝑛 → 0, 
 

Solution is: 
  

𝑈 =
1

2
[𝑒

−2𝜂√(𝑀+
1

𝐷𝛼
)𝑡1

∗

𝑒𝑟𝑓𝑐 (𝜂 − √(𝑀 +
1

𝐷𝛼
) 𝑡1

∗) + 𝑒
2𝜂√(𝑀+

1

𝐷𝛼
)𝑡1

∗

𝑒𝑟𝑓𝑐 (𝜂 + √(𝑀 +
1

𝐷𝛼
) 𝑡1

∗)]-  

𝐴 {
𝑒𝑎𝑡1

∗

2
[𝑒

−2𝜂√(𝑎+𝑀+
1

𝐷𝛼
)𝑡1

∗

𝑒𝑟𝑓𝑐 (𝜂 − √(𝑎 + 𝑀 +
1

𝐷𝛼
) 𝑡1

∗) + 𝑒
2𝜂√(𝑎+𝑀+

1

𝐷𝛼
)𝑡

𝑒𝑟𝑓𝑐 (𝜂 + √(𝑎 + 𝑀 +
1

𝐷𝛼
) 𝑡1

∗)] −

1

2
[𝑒

−2𝜂√(𝑀+
1

𝐷𝛼
)𝑡1

∗

𝑒𝑟𝑓𝑐 (𝜂 − √(𝑀 +
1

𝐷𝛼
) 𝑡1

∗) + 𝑒
2𝜂√(𝑀+

1

𝐷𝛼
)𝑡

𝑒𝑟𝑓𝑐 (𝜂 + √(𝑀 +
1

𝐷𝛼
) 𝑡1

∗)]}-𝐵 {
𝑒𝑏𝑡1

∗

2𝑏
[𝑒

−2𝜂√(𝑏+𝑀+
1

𝐷𝛼
)𝑡1

∗

𝑒𝑟𝑓𝑐 (𝜂 −

√(𝑏 + 𝑀 +
1

𝐷𝛼
) 𝑡1

∗) + 𝑒
2𝜂√(𝑏+𝑀+

1

𝐷𝛼
)𝑡1

∗

𝑒𝑟𝑓𝑐 (𝜂 + √(𝑏 + 𝑀 +
1

𝐷𝛼
) 𝑡1

∗)] −
1

2𝑏
[𝑒

−2𝜂√(𝑀+
1

𝐷𝛼
)𝑡1

∗

𝑒𝑟𝑓𝑐 (𝜂 − √(𝑀 +
1

𝐷𝛼
) 𝑡1

∗) +

𝑒
2𝜂√(𝑀+

1

𝐷𝛼
)𝑡1

∗

𝑒𝑟𝑓𝑐 (𝜂 + √(𝑀 +
1

𝐷𝛼
) 𝑡1

∗)] − [
1

2
(𝑡1

∗ − 𝜂√
𝑡1

∗

𝑀+
1

𝐷𝛼

) 𝑒
−2𝜂√(𝑀+

1

𝐷𝛼
)𝑡1

∗

𝑒𝑟𝑓𝑐 (𝜂 − √(𝑀 +
1

𝐷𝛼
) 𝑡1

∗) −
1

2
(𝑡 +

𝜂√
𝑡

𝑀+1/𝐷𝛼
) 𝑒

2𝜂√(𝑀+
1

𝐷𝛼
)𝑡1

∗

𝑒𝑟𝑓𝑐 (𝜂 + √(𝑀 +
1

𝐷𝛼
) 𝑡1

∗)]}-𝐶 {
𝑒𝑐𝑡1

∗

2
[𝑒

−2𝜂√(𝑐+𝑀+
1

𝐷𝛼
)𝑡1

∗

𝑒𝑟𝑓𝑐 (𝜂 − √(𝑐 + 𝑀 +
1

𝐷𝛼
) 𝑡1

∗) +
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𝑒
2𝜂√(𝑐+𝑀+

1

𝐷𝛼
)𝑡

𝑒𝑟𝑓𝑐 (𝜂 + √(𝑐 + 𝑀 +
1

𝐷𝛼
) 𝑡1

∗)] −
1

2
[𝑒

−2𝜂√(𝑀+
1

𝐷𝛼
)𝑡1

∗

𝑒𝑟𝑓𝑐 (𝜂 − √(𝑀 +
1

𝐷𝛼
) 𝑡1

∗) + 𝑒
2𝜂√(𝑀+

1

𝐷𝛼
)𝑡1

∗

𝑒𝑟𝑓𝑐 (𝜂 +

√(𝑀 +
1

𝐷𝛼
) 𝑡1

∗)]} 

-
𝑀

𝑑
{

𝑒𝑑𝑡1
∗

2
[𝑒

−2𝜂√𝑡1
∗(𝑑+𝑀+

1

𝐷𝛼
)
𝑒𝑟𝑓𝑐 (𝜂 − √(𝑑 + 𝑀 +

1

𝐷𝛼
) 𝑡1

∗) + 𝑒
2𝜂√𝑡1

∗(𝑑+𝑀+
1

𝐷𝛼
)
𝑒𝑟𝑓𝑐 (𝜂 + √(𝑑 + 𝑀 +

1

𝐷𝛼
) 𝑡1

∗)] −

1

2
[𝑒

−2𝜂√(𝑀+
1

𝐷𝛼
)𝑡1

∗

𝑒𝑟𝑓𝑐 (𝜂 − √(𝑀 +
1

𝐷𝛼
) 𝑡1

∗) + 𝑒
2𝜂√(𝑀+

1

𝐷𝛼
)𝑡1

∗

𝑒𝑟𝑓𝑐 (𝜂 + √(𝑀 +
1

𝐷𝛼
) 𝑡1

∗)]} 

+
𝐹𝑚

ℎ
{

𝑒ℎ𝑡1
∗

2
[𝑒

−2𝜂√(𝑑+𝑀+
1

𝐷𝛼
)𝑡1

∗

𝑒𝑟𝑓𝑐 (𝜂 − √(ℎ + 𝑀 +
1

𝐷𝛼
) 𝑡1

∗) + 𝑒
2𝜂√(𝑑+𝑀+

1

𝐷𝛼
)𝑡1

∗

𝑒𝑟𝑓𝑐 (𝜂 + √(ℎ + 𝑀 +
1

𝐷𝛼
) 𝑡1

∗)] −

1

2
[𝑒

−2𝜂√(𝑀+
1

𝐷𝛼
)𝑡1

∗

𝑒𝑟𝑓𝑐 (𝜂 − √(𝑀 +
1

𝐷𝛼
) 𝑡1

∗) + 𝑒
2𝜂√(𝑀+

1

𝐷𝛼
)𝑡1

∗

𝑒𝑟𝑓𝑐 (𝜂 + √(𝑀 +
1

𝐷𝛼
) 𝑡1

∗)]} 

+ 𝐴 {
𝑒𝑎𝑡1

∗

2
[𝑒

−2𝜂√𝑎
𝑃𝑟𝑛𝑓

(1+𝑅𝑑)
𝑡1

∗

𝑒𝑟𝑓𝑐 (𝜂√
𝑃𝑟𝑛𝑓

(1+𝑅𝑑)
− √𝑎𝑡1

∗) + 𝑒
2𝜂√𝑎

𝑃𝑟𝑛𝑓

(1+𝑅𝑑)
𝑡1

∗

𝑒𝑟𝑓𝑐 (𝜂√
𝑃𝑟𝑛𝑓

(1+𝑅𝑑)
+ √𝑎𝑡1

∗)] − 𝑒𝑟𝑓𝑐 (𝜂√
𝑃𝑟𝑛𝑓

(1+𝑅𝑑)
)} 

+𝐵 {
𝑒𝑏𝑡1

∗

2𝑏
[𝑒−2𝜂√𝑆𝑐√(𝑏+𝐾𝑐)𝑡1

∗
𝑒𝑟𝑓𝑐(𝜂√𝑆𝑐 − √(𝑏 + 𝐾𝑐)𝑡1

∗) + 𝑒2𝜂√𝑆𝑐√(𝑏+𝐾𝑐)𝑡1
∗
𝑒𝑟𝑓𝑐(𝜂√𝑆𝑐 + √(𝑏 + 𝐾𝑐)𝑡1

∗)] +

1

2𝑏
[𝑒−2𝜂√𝑆𝑐𝐾𝑐𝑡1

∗
𝑒𝑟𝑓𝑐(𝜂√𝑆𝑐 − √𝐾𝑐𝑡1

∗) + 𝑒2𝜂√𝑆𝑐𝐾𝑐𝑡1
∗
𝑒𝑟𝑓𝑐(𝜂√𝑆𝑐 − √𝐾𝑐𝑡1

∗)] −
1

2
(𝑡1

∗ − 𝜂√
𝑡1

∗

𝑆𝑐𝐾𝑐
) 𝑒−2𝜂√𝑆𝑐𝐾𝑐𝑡1

∗
𝑒𝑟𝑓𝑐(√𝑆𝑐𝜂 −

√𝐾𝑐𝑡1
∗) −

1

2
(𝑡1

∗ + 𝜂√
𝑡1

∗

𝑆𝑐𝐾𝑐
) 𝑒2𝜂√𝑆𝑐𝐾𝑐𝑡1

∗
𝑒𝑟𝑓𝑐(√𝑆𝑐𝜂 + √𝐾𝑐𝑡1

∗)} 

+C{
𝑒𝑐𝑡1

∗

2
[𝑒−2𝜂√𝑐𝑆𝑐𝑚𝑡1

∗
𝑒𝑟𝑓𝑐(𝜂√𝑆𝑐𝑚 − √𝑐𝑡1

∗) + 𝑒2𝜂√𝑐𝑆𝑐𝑚𝑡1
∗
𝑒𝑟𝑓𝑐(𝜂√𝑆𝑐𝑚 + √𝑐𝑡1

∗)] − [𝑒𝑟𝑓𝑐(𝜂√𝑆𝑐𝑚)]}+
𝑀

𝑑
𝑒−2𝜂𝐾1√𝑡(𝑒𝑑𝑡1

∗
−

1)-
𝐹𝑚

ℎ
𝑒−4𝜂𝜆√𝑡(𝑒ℎ𝑡1

∗
− 1) 

 

𝜑 =
1

2
(𝑡1

∗ − 𝜂√
𝑡1

∗

𝑆𝑐𝐾𝑐
) 𝑒−2𝜂√𝑆𝑐𝐾𝑐𝑡1

∗
𝑒𝑟𝑓𝑐(√𝑆𝑐𝜂 − √𝐾𝑐𝑡1

∗) +
1

2
(𝑡1

∗ + 𝜂√
𝑡1

∗

𝑆𝑐𝐾𝑐
) 𝑒2𝜂√𝑆𝑐𝐾𝑐𝑡1

∗
𝑒𝑟𝑓𝑐(√𝑆𝑐𝜂 + √𝐾𝑐𝑡1

∗)  

 

𝜃 = 𝑒𝑟𝑓𝑐 (√
𝑃𝑟𝑛𝑓

1+𝑅𝑑
𝜂)  

 

𝑛 = 𝑒𝑟𝑓𝑐(√𝑆𝑐𝑚 𝜂) , 
 

where 𝑎 =
(𝐷𝛼𝑀+1)(1+𝑅𝑑)

𝐷𝛼(𝑃𝑟𝑛𝑓−1−𝑅𝑑)
 , 𝑏 =

𝐷𝛼𝑆𝑐𝐾𝑐−𝑀𝐷𝛼−1

𝐷𝛼(1−𝑆𝑐)
 , 𝑐 =

𝐷𝛼𝑀+1

𝐷𝛼(𝑆𝑐𝑚−1)
 , 𝑑 = 𝐾12 − 𝑀 −

1

𝐷𝛼
, ℎ = 4𝜆2 − 𝑀 −

1

𝐷𝛼
 

 

𝐴 =
𝐺𝑇𝑠𝑖𝑛𝛼(1+𝑅𝑑)

𝑎(1+𝑅𝑑−𝑃𝑟𝑛𝑓)
 , 𝐵 =

𝐺𝐶𝑠𝑖𝑛𝛼

𝑏(1−𝑆𝑐)
 , 𝐶 =

𝐺𝑛𝑠𝑖𝑛𝛼

𝑐(𝑆𝑐𝑚−1)
. 

 

3.  Results and Discussion 

This section presents Laplace transform analytical 

solutions for unsteady ferro-nanofluid “flow across an inclined 

Riga plate. The regulating dimensionless parameter affects 

velocity, temperature, concentration, and motile microbe 

density distributions. Graphs indicate how electromagnetic 

forcing, tilt, magnetization, associated heat and mass transfer” 

mechanisms affect “boundary layer structure.” 

  

 
Figure 1: Temperature profile for different values of Prandtl number. 

 

Fig.1 implies temperature profile deviation for distinct 

Prandtl numbers. “Increased Prandtl number” lowers 

temperature and thins thermal boundary layer. Larger Prandtl 

numbers diminish thermal diffusivity, weakening heat 
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diffusion away from the plate and rapid fluid temperature 

depreciation.  
 

 
Figure 2: Temperature profile for different values of radiation 

parameter. 

 

In Fig. 2, “radiation parameter Rd” affects temperature 

profile. “Temperature profile and thermal boundary layer 

thickness” increase as radiation parameter increases. 

Radiation's contribution to energy equation shows that 

radiative heat transfer dominates conductive diffusion. 

. 

 
Figure 3: Concentration profile for different values of Sc. 

 

Fig. 3 shows the “concentration profile” for distinct 

Schmidt numbers, Sc. As Sc increases, the concentration curve 

attenuates and reduces boundary layer thickness and mass 

diffusivity. As in analytical solution, higher Sc values increase 

concentration exponential decay and surface mass transfer rate.  

 

 
Figure 4: Concentration profile for different values of chemical 

reaction parameter. 

 

Fig. 4 shows the concentration profile for “distinct Kc 

values.” As Kc increases, concentration distribution reduces 

monotonically. In the boundary layer, species concentration is 

suppressed. Higher chemical reaction parameter Kc contracts 

“solutal boundary layer.”  

 
Figure 5: Bioconvection profile for different values of  bioconvective 

Schmidt number. 

 

Impact of bioconvection “Schmidt number Scm” over 

bioconvection profile is illustrated in Fig.5. The bioconvection 
profiles reveal that increasing Scm significantly suppresses the 

motile microorganism density within boundary layer. Larger 

values of Scm subsides the microorganism diffusivity, that 

restricts their migration away from surface and results in a 

thinner bioconvective boundary layer.  
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Figure 6: Velocity profile for different values of thermal  Grashof 

number. 

 

Fig. 6 shows velocity profiles for distinct thermal granhof 

numbers, GT. Increased thermal Grashof number improves 

velocity profile, with a peak near wall due to thermal 

buoyancy. Additionally, when GT rises, the momentum 

boundary layer contracts, indicating a more restricted flow 

structure.  

 

 
Figure 7: Velocity profile for different values of thermal Grashof 

number. 

 

Fig. 7 shows velocity profile effects for distinct “thermal 

Grashof numbers.” The boundary layer velocity increases 

significantly as GC increases due to significant solutal buoyant 

forces. Peak velocity shifts toward the wall due to this 

improvement.  

 

 
Figure 8: Velocity profile for different values of thermal Grashof 

number. 

 

Bioconvection velocity profile at varied values. Figure 8 
explains “Grashof number.” As GN increases, flow structure 

changes considerably. Higher values of GN amplify the 

bioconvective buoyancy force generated by motile 

microorganisms, leading to an increase in negative velocity 

near the surface. This behavior signifies stronger flow 

retardation and the occurrence of velocity reversal within the 

boundary layer. GN is crucial to biconvective effects and 

momentum transfer in flow.  

 
Figure 9: Velocity profile for different values of magnetic parameter. 

 

Fig. 9 shows velocity profiles for varied magnetic 

parameter M values. Magnetic parameter M rises, ferro-

nanofluid velocity decreases in boundary layer. “Higher M 

values” reduce velocity magnitude, strengthening the Lorentz 

force. Thus, increasing M reduces peak velocity and 

momentum boundary layer. 
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Figure 10: Velocity profile for different values of Prandtl number. 

 

Fig. 10 displays “velocity profile” for distinct Prandtl 

number Prnf values. Velocity profile shows, within the 

boundary layer, an increased Prandtl number deteriorates the 

ferro-nanofluid velocity. Also, higher Prnf attenuates the 

thermal diffusion and thereby drops the buoyancy drive flow. 

As a result, the peak velocity drops and shifts closer to the 
surface.  

 

 
Figure 11: Velocity profile for different values of Porosity parameter. 

 

Fig. 11 demonstrates “velocity profile” for distinct 

porosity parameters Da. Increasing Da increases boundary 

layer fluid velocity. Higher porosity reduces porous medium 

resistance, allowing fluid to flow more freely. With increased 

porosity, peak momentum and velocity boundary layer 

thickness rise, improving momentum conveyance.  

 

 
Figure 12: Velocity for different values of thermal radiation. 

 

“Velocity profile” for distinct thermal radiation Rd values 

is shown in Figure 12. It is noted that increasing Rd 

significantly escalates the ferro-nanofluid velocity. Higher 

radiation intensifies thermal energy transport, thereby 

strengthening buoyancy forces accelerated flow. Thus, 

increased Rd increases peak velocity and momentum boundary 
layer thickness, highlighting crucial role of thermal radiation in 

ferro-nanofluid flow behavior.  

 

 
Figure 13: Velocity profile for different values of inclination. 

 

Fig. 13 demonstrates “velocity profiles” at distinct angles 

of inclination (α). Increasing plate inclination increases 

buoyancy force at the surface, leading to higher velocities and 
delayed velocity profile decay. Thus, the momentum boundary 

layer thickens, proving that plate inclination improves ferro-

nanofluid flow.  
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Figure 14: Velocity profile for different values of Ferrohydrodynamic 

parameter. 

 

Figure 14 shows how ferrohydrodynamic parameter Fm 

affects velocity distribution. Increasing Fm significantly 
reduces the velocity due to amplified magnetic body forces and 

megnetoviscous effects. At sufficiently large Fm, flow reversal 

is observed, confirming the dominance of magnetic forces over 

inertia.  

 

 
Figure 15: Velocity profile for different values of Spatial decay 

parameter. 

 

Fig. 15 displays impact of spatial decay parameter λ on 

velocity profile. An increase in 𝜆 strengthens near-wall 
magnetic forcing while limiting its penetration depth, owing to 

the exponential decay of the applied magnetic field. This 

localized enhancement accelerates the flow and significantly 

diminishes flow reversal.  

 

 
Figure 16: Velocity profile for different values of electromagnetic 

Spatial decay parameter. 

 

“Velocity distribution” is affected by the electromagnetic 

spatial decay parameter K1 in Figure 16. Increasing K1 

significantly reduces boundary layer velocity. Physically, 

larger values of K1 correspond to a more rapid attenuation of 
the Lorentz force away from the Riga plate, thereby restricting 

electromagnetic momentum transfer to the near-wall region. 

Consequently, the flow experiences weaker electromagnetic 

acceleration and stronger damping, resulting in a faster decay 

of the “velocity profile.”  

 

 
Figure 17: Velocity profile for different values Schmidt number. 

 

Figure 17 depicts “Schmidt number Sc's” impact on 

velocity distribution. For example, increasing Sc reduces 

velocity near the plate. Due to decreased mass diffusivity, 

larger Sc values weaken the momentum equation's solutal 

buoyant force. Far from the surface, concentration gradients 

diminish, and all velocity profiles asymptotically merge.  
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Figure 18: Velocity profile for different values of bioconvective 

Schmidt number. 

 

Figure 18 shows “velocity patterns” for distinct 
bioconvective Schmidt numbers Scm. As Scm increases, 

velocity magnitude decreases slightly. Velocity peaks near the 

plate and decays monotonically with similarity variable for all 

Scm values.  

 

 
Figure 19: Velocity profile for different values of chemical reaction 

parameter. 

 

“Velocity patterns” match for varied chemical reaction 
parameter Kc values in Figure 19. This behavior is expected 

since Kc appears only in the concentration equation and does 

not directly enter the momentum equation. Variations in 

chemical reaction strength affect concentration field but not 

velocity dispersion.  

 

4.  Conclusions 
Overall, result reveals that  

 Increasing Prnf lowers ferro-nano fluid temperature.   

 Improved “Schmidt number and chemical reaction 

parameters” reduce concentration profile. 

 High bioconvective Schmidt number inhibits 

bioconvection. 

 Enhanced values of 𝐺𝑇, 𝐺𝐶, 𝛼, 𝐷𝛼, 𝜆 and 𝑆𝑐  intensify the 

velocity profile, whereas increased values of Gn, 

Prnf, 𝑅𝑑, 𝑀, 𝐹𝑚, 𝐾1 and 𝑆𝑐𝑚 decelerate the velocity 

profile.  

 The results demonstrate that ferro-nanofluids offer a highly 

controllable flow platform, when velocity can be selectively 
enhanced or suppressed by tuning thermal, magnetic, and 

nanoparticle parameters, making them ideal for smart 

thermal, biomedical and magneto fluidic applications. 

 
Nomenclature 

𝑢 → “velocity component along 
x direction.  

𝛼 → Inclination of the plate with 
the vertical 

𝜌𝑛𝑓 → Density of the ferro-nano 

fluid(kg/𝑚3) 

𝜗𝑛𝑓 → Kinematic Viscosity 

coefficient of nano fluid(𝑚2/𝑠) 

𝜇𝑛𝑓 → Dynamic Viscosity of the 

ferro-nanofluid(Pa.s) 

𝑔 → Acceleration due to 

gravity(m/𝑠2) 

𝛽1 → Thermal volumetric 
expansion coefficient(1/Kelvin) 

𝛽2 → Solutal expansion 

coefficient (𝑚3/𝐾𝑔) 

𝛽3 → Bioconvection buoyancy 

coefficient (𝑚3) 

𝐶𝑝 → Specific heat capacity 

𝐾 → Thermal Conductivity 

𝜎∗ → Stefan-Boltzmann Number 

𝐵0 → Uniform Magnetic field 
(tesla) 

𝜌 → Fluid’s density 

𝜇0 → Magnetic permeability of 
free space (H/m) 

→Temperature of the nano 
fluid(Kelvin) 

C→ Concentration of the 

nanoparticle (𝐾𝑔/𝑚3) 

N→ Motile microorganism 

density (𝑚−3) 
 

T 

𝜎 → Eelectrical conductivity of 
he ferro-nano fluid (S/m) 

𝑇∞ → Ambient Temperature 
(Kelvin) 

𝐶∞ → Ambient Nanoparticles 
concentration  

𝑁∞ → Ambient microorganism 
density.  

𝑇𝑊 → Wall Temperature 
(Kelvin) 

𝐶𝑊 → Wall Nanoparticles 
concentration  

𝑁𝑊 → Wall microorganism 
density 

𝑢0 → Induced streaming velocity 
from Riga plate. (m/s) 

𝐻0 → Magnetic field 
intensity(A/m) 

𝜆 → Spatial decay parameter 
(1/m) 

𝐾∗ → Permeability of the porous 

medium (𝑚2)  

𝑘𝑛𝑓 → Thermal conductivity of 

the ferro-nano fluid (W/m-K) 

𝐶𝑝,𝑛𝑓 → Specific heat at constant 

pressure of the ferro-nanofluid 
(J/kg.K) 

𝐷𝑛𝑓 → Mass diffusion coefficient 

(𝑚2/𝑠) 

𝑘𝑡 → First order chemical 
reaction rate constant (1/s) 

𝐷𝑚 → Microorganism diffusion 

coefficient. (𝑚2/𝑠) 

𝐾1 → Electromagnetic Spatial 
Decay Parameter(1/m)” 
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